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Abstract

The paper presents a general theory for the measurement of welfare based on the concept of aggregate
money metric utility (AMMU), defined as the sum of MMUs of individual households.  It is demonstrated
that AMMU is the theoretical measure implied by the most important empirical welfare measures:
aggregate real consumption (ARC), the consumer price index (CPI) and the common triangular
approximation to consumer surplus (CS).  The theory leads to new measures of ARC which approximate
AMMU quadratically.  Unlike the chain measures recently introduced by the international statistical
agencies in the context of the NIPAs, the proposed measure respects the additive identities.  The approach
is directly applicable also to the measurement of real GDP and of the other components.  The new measure
is based on the CS approximation.  I correct and generalize Hick’s proof of the quadratic approximation
property of this measure and also derive the theoretically appropriate normalization.  This normalization is
at the same time the appropriate formula for the CPI.
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1. INTRODUCTION

1. This paper presents a unified theory of the measurement of welfare which encompasses both price and
quantity measures at the individual and aggregate levels.  The unifying concept is aggregate money
metric utility (AMMU) defined as the sum of individual money metric utilities (MMUs).

2. The need to base the most important empirical economic measures on economic theory should be self-
evident.  These measures are:  the consumer price index (CPI);  GDP, particularly its aggregate real
consumption (ARC) component;1  the ‘welfare triangle’ measure of consumer surplus (CS), commonly
employed in the evaluation of projects.  To provide the required theoretical foundation had been at the
top of economists’ agenda during the Twenties, Thirties and Forties.  However, theoretical welfare
economics, as exemplified in the work of Arrow and Samuelson, committed itself to an ordinal social
welfare function (SWF) sensitive to the distribution of utilities.  But the empirical measures are
cardinal and insensitive to the distribution of expenditures.  Ultimately a schism developed between
theoretical welfare economics focused on an abstract SWF and the practice of statistical agencies and
applied economists.

3. In Hillinger (1994, 1998) I discussed the earlier literatures on the three areas of applied welfare
measurement, emphasizing that they all suffered from remaining isolated from each other.  Here I limit
myself to a brief discussion of two recent developments which, of a long hiatus, have brought
measurement problems again to the attention of economists.  I am referring to the CPI debate in the
United States and to the international conversions of the NIPAs to chain indexes with the consequence
that the components of real GDP no longer sum to the total.  Both topics are discussed in some detail
in Hillinger (1998).  Here I focus on an issue of central theoretical importance, which they have in
common:  no satisfactory method for measuring real magnitudes in a time series context has been
devised.  The traditional method is to value goods and services at constant base period prices.2 The
base is moved forward at five or ten year intervals and all real magnitudes are then recomputed to the
new base.  This is inelegant to say the least, because every revision changes the basic data of economic
history.  A more fundamental defect is that the base prices become increasing irrelevant as one moves
away from the base period.  This would be true even if goods were unchanged, because with changing
relative prices, those of the base year do not reflect the valuations placed by consumers on marginal
changes of quantities consumed in the distant year.  When old goods are replaced by new ones and
when the characteristics of goods change, the problem is even more serious.

4. Still another defect of a fixed base index is related to the fact that consumers’ mitigate the effects of
price increases by substituting goods that have become relatively cheaper.  A fixed base index which
does not take account of this substitution has an inflationary bias.  It is this bias which led to the CPI
controversy in the U.S.3  The deficiencies of fixed base indexes have become particularly glaring in

                                                     
1 In this introduction ARC is defined in the usual sense as the value of all goods and services consumed at a constant

base price. In the remaining sections ARC is a technical term defined as equivalent to AMMU.
2 In this theoretical paper I describe what is attempted in principle and ignore the deviations that are necessitated by

practical circumstances. For example, changes in quantities are not observed, but rather inferred from the changes in
nominal expenditures and prices.

3 The CPI controversy began with a 1995 speech by Alan Greenspan, the chairman of the U.S. Federal Reserve
Board. Based on research that had earlier been done at the U.S. Department of Labor, Bureau of Labor Statistics,
Greenspan claimed that the U.S. CPI overstates the inflation rate by ½ to 1 ½ percent. Given the role of the CPI in
indexing transfer payments and tax brackets, he estimated that a 1 percent downward adjustment of the CPI would
reduce the U.S. budget deficit by 55 billion dollars over a five year period. These orders of magnitude were
subsequently confirmed by a commission appointed by the Finance Committee of the U.S. Senate (Boskin, et al.,
1996). This and related issues are discussed in a symposium (FRB of St. Louis Rev., 1997) and by Moulton (1996).
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recent years because of the accelerated pace of technological progress.  This has motivated the
statistical agencies to consider the alternative of chain indexes.  For the CPI this change was blocked in
the political arena by effected interest groups.  Regarding the NIPAs the switch to chain indexes was
advocated in the international guideline (Eurostat, et al., 1993) and has been since then implemented
by many countries.

5. Unfortunately, chain indexes introduce a new problem which is no less grave than that associated with
fixed base indexes.  The known methods for computing chain indexes do not respect additivity.  In the
new system of NIPAs, the components of real GDP do not add to the total, neither do subgroups add to
their respective total.  Moreover, this discrepancy tends to increase with time.4

6. The power of the theory developed in this paper is demonstrated by the fact that it leads to the solution
of centrally important problems which have long resisted the efforts of leading economic theorists, as
well as of applied economists and statisticians working for the statistical agencies.  The central
problem considered is how to estimate the real components of GDP, particularly ARC and its
components, in relation to fundamental theory and in such a way that the results are unbiased and that
various identities are maintained.  Since the solution depends on Dupuit’s welfare triangles, the
theoretical status of this measure had to be clarified.  I provide the first correct and general proof of the
quadratic approximation property of this measure both at the household and aggregate levels.  I also
show how the original measure should be normalized.

7. The generality and complexity of the paper is reflected in a somewhat complex and in part novel
terminology.  This is because related concepts appear in different contexts:  at the household or
aggregate levels;  as price or quantity measures;  as differences or as ratios.  I have endeavored to find
a terminology that is both consistent and transparent while adhering as much as possible to established
usage.  These aims are not fully compatible, particularly in this introduction and when referring to the
existing literature I sometimes use a terminology which is less exact and more traditional than in the
analytical sections.

8. The structure of the paper is as follows:  Section 2 is on the cardinal welfare of the household.  The
emphasis is on the duality of measures of the cost-of-living (CL) and real consumption (RC).  Also
important is the equivalence of measures formulated as variations (differences) and indexes (ratios).
Section 3 states the theory of the aggregate level.  Based on AMMU, this theory turns out to be
analogous to that of the individual household.  The simplest link between the abstract theory and
observations of prices and quantities is provided by linear approximations.  This is the topic of section
4.  The basic result is that Laspeyres or Paasche variations are the differentials of MMU.  The great
advantage of linear approximations is that they aggregate exactly.  Laspeyres or Paasche measures
defined on aggregate data therefore linearly approximate the movements of the AMMU frontier.

9. Unfortunately these measures are biased, a serious defect when they are employed in the construction
of chain indexes.  In section 5 I therefore analyze centered measures based on Dupuit’s triangular
measure of consumer surplus.  Centered price and quantity variations are defined in section 5.1.  In
section 5.2 it is shown that the centered empirical measures approximate quadratically the suitably
defined variations of RC and CL.  Section 5.3 demonstrates that the centered measures aggregate
exactly.  Section 5.4 deals with a required normalization of aggregate centered RC.  Finally, in section
5.5 it is shown how the measures can be employed in order to obtain consistent chained estimates for
price and quantity changes of aggregate consumption and its components.  Section 6 concludes the
paper.

                                                     
4 For a discussion see Hill (1993) and section 5.6 of this paper.
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2. THE CARDINAL WELFARE OF THE HOUSEHOLD

10. In the following, the relevant theory is developed at the level of the individual household.  I use the
standard assumptions and definitions:  Let x be the household consumption vector, p  the

corresponding price vector and u( )x  a utility function, assumed to be twice continuously
differentiable and strictly quasi-concave.  The corresponding expenditure function

(2.1) e u min u u
x

( , ) ( )S S[� [= ≥

specifies the minimum expenditure required to reach the utility level u  at prices p .

11. Real consumption, also referred to as MMU, is defined as

(2.2) ( ) ( ) ( )ueur bbbuRC ,pp;p; ==

and measures the cost of different utility levels at a constant base period price vector.5

12. The cost-of-living is defined as

(2.3) ( ) ( ) ( )bbb ueucuCL ,;; ppp ==

and measures the cost of a base utility level at different prices.  In order to operationalize ( )r ⋅  and ( )c ⋅
frequent use will be made of the fact that ( )xuu =  along with the assumption that any observed [  is

optimal, i.e., given by the demand function ( )px ,y .

2.1 Decomposing the Change in Nominal Consumption Expenditure

13. The literature dealing with the measurement of changes in CL and in RC have, for historical and
institutional reasons, remained largely distinct.  This is unfortunate, because the measures are directly
related and it is more illuminating and useful to consider them jointly.  In measuring variations
between two periods, it is natural to use either the initial or the final period as the base.  Accordingly,
define Laspeyres and Paasche variations as follows:

(2.4) LRCV = ( ) ( ) ( )∆r r u r uS S S0 1 0 0 0= −; ;

(2.5) PRCV = ( ) ( ) ( )∆r r u r uS S S1 1 1 0= −; ; 1

(2.6) LCLV = ( ) ( ) ( )∆c u c u c u0 1 0 0 0= −S S; ;

(2.7) PCLV = ( ) ( ) ( )∆c u c u c u1 1 1 0 1= −S S; ; .

                                                     
5 Here and in the rest of the paper I deviate from the common usage of having RC or ARC refer to S [b .
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14. These variations have an obvious geometrical interpretation in an indifference curve diagram.  LRCV

and PRCV are parallel shifts of the budget line from u0 to u1  at S0 or p1  prices respectively.  LCLV

and PCLV are rotations of the budget line from a S0  to a S1  slope around the u0  or u1  indifference

curves respectively.  From the geometry it is also clear that there are two possible decompositions of
nominal expenditure and that LV and PV are dual expressions in that we need a pair for each
decomposition:

(2.8) ( ) ( )∆ ∆ ∆y r c u LRCV + PCLV= + =S � �0 1

(2.9) ( ) ( )∆ ∆ ∆y r c u PRCV LCLV= + = +S1 0
.

15. These and the equivalent relationships (2.12-13) are examples of duality, meaning that given one
variation or index the other can be obtained by subtraction or division from the change in nominal
expenditure.  They show RC and the CL to be complementary concepts of one and the same theory.
RC is a quantity measure, CL a price measure;  together they decompose a change in nominal
consumption expenditure.6

16. The differences defined above are central to the analysis of the present paper because they can be
related most easily to linear approximations.  Index number theory focused on the corresponding
ratios:

(2.10) RCI = ( )
( )

( )
( )

r u rb b

b

1

0 0
1

� S

�S

S

�Sr u r ub
= +

∆

(2.11) CLI = ( )
( )

( )
( )

c

c u

c u

c u

b bS �

S � S �

1

0 0
1

u
.

b b
= +

∆

17. These ratios also lend themselves to a decomposition of the change in nominal expenditure:

(2.12)
y
y

1

0

( )
( )

( )
( )= ⋅

r u c

c u

1 0

0 0

1

0 1

;

r u ;

;u

;

1S

S

S

S
= LRCI PCLI⋅

                                                     
6 Fisher (1922) used the term ‘factor reversal test’ for the requirements that:

(a) ( ) ( )y

y
P Q

1

0
0 1 0 1 0 1 0 1= ⋅S S T T S S T T, , , , , , , with P a price index, Q a quantity index.

(b) P and Q have the same functional form, i.e., that one be obtainable from the other by interchanging S S0 1,  and

T T0 1
, . Samuelson and Swamy (1974) note that (b) is too stringent and they use the term ‘weak factor - reversal

test’ for (a) alone, i.e., in the sense in which I use ‘duality’.
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(2.13)
y
y

1

0

( )
( )

( )
( )= ⋅

r u c

c u

1 1

0 1

1 0

0 0

;

r u ;

;uS

S

S

S �
= PRCI LCLI⋅ .

3. AGGREGATE REAL CONSUMPTION AND THE AGGREGATE COST-OF-LIVING

3.1 Basic Definitions and Duality

18. In this section the aggregate welfare measures are defined and shown to decompose aggregate

expenditure analogously to the single household case.  There are N consumers.  The i -th consumer

has expenditure yi  and faces market prices p .  He maximizes his utility u ui i i= ( )x  subject to the

constraint yi i≥ ⋅p x .  The aggregate consumption vector is x x= Σ i .  The collection of utilities is

u = (u ,..., u )1 N .

19. Aggregate expenditure is:

(3.1) y yi i= =Σ Σp x = px .

20. Aggregate real consumption, or equivalently AMMU is defined as

(3.2) ( ) ( )ARC RC ub
i i

bX S � S; ;=Σ .

The aggregate cost-of-living is defined as

(3.3) ( ) ( )ACL CL ub
i i

bS X S; ;= Σ ,

where p,  the vector of market prices, is identical for all consumers.

21. The duality property of eqs.  (2.8-9) carries over to the aggregates:

(3.4) ∆y = Σ∆yi

       = ( ) ( )Σ ΣRCV CLV ui i iS0 1+

       = ( ) ( )ARCV ACLVS X0 1+ .

22. Alternatively,

(3.5) ∆y = ( ) ( )ARCV ACLVS X1 0+ .

23. Analogously to the household case, the changes in ARC and CPL can also be expressed as indexes:
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(3.6) ( ) ( )
( )ARCI

ARC

ARC
b

b

b
S

X S

X S
=

1

0

,

,

(3.7) ( ) ( )
( )ACLI

CPL

CPL
b

b

b
X

S X

S X
=

1

0

,

,
.

For b = 0 , i.e., a Laspeyres type index, (3.7) corresponds to the definition of a CLI Scitovosky-
Laspeyres as given by Pollack (1980).

24. The decompositions of the change in aggregate expenditure by the indexes is given by:

(3.8) ( ) ( )y
y

ARCI ACLI
1

0
0 1= ⋅S X

      ( ) ( )= ⋅ARCI ACLIS X1 0
.

3.2 Interpretation

25. This section deals with the interpretation of ARC and ACL as defined in (3.2-3).

26. The meaning of ARC is analogous to that of RC, for one household.  There, it is an indicator which
assigns the same number to all price/income combinations, or the associated commodity bundles,
which lie on the same indifference curve.  The number is the income y,  required to reach the

indifference curve at base prices Sb .  Similarly ARC is an indicator and its meaning is that the

associated vector ( ) ( )( )RC RCb
N

b
1 S � � S, ... ,  could be reached by an aggregate income y  in the

amount ARC, given that prices are pb . Both at the individual and the aggregate levels the
achievement is the same:  although prices can be arbitrarily variable, a single number provides the
same information as nominal income does when prices are constant.  The interpretation of ACL is

analogous to that of CL.  At the household level CL measures the cost of attaining a utility level Xb  at

different prices.  Similarly, ACL measures the cost of attaining the vector of utilities Xb  at different
prices.

27. Using more traditional terminology, ARC may also be referred to as a utilitarian SWF based on the
money metric normalization of household utilities.  It is also a special case of the social expenditure
function defined by Pollak (1981) for an arbitrary SWF.

4. LINEAR APPROXIMATIONS

4.1 Some Preliminary Results and Definitions

28. The following Lemmas are central for the purpose of approximating welfare changes:  Let h p( , )u  be

the Hicksian (compensated) demand function.
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(4.1) (Lemma) (Shepard) ( ) ( )∇ =
S

S K Se u u, , .

(4.2) (Lemma) ( )( ) ( )., xpxpx =∇ ue

29. Shepard’s lemma gives the direct (Hicksian) demand, while (4.2) yields the inverse demand.

30. For a proof of 4.2 consider the expression

(4.3)
∂

∂
∂
∂

∂
∂

e u
x

e
u

u
xi i

( , ( ))p x = ⋅ .

31. From the first order conditions

(4.4) ∂
∂ λ λ ∂

∂
u
x

p u
yi

i− = =0, .

32. Therefore,

(4.5) ∂
∂

∂
∂

∂
∂

e
x

e
u

u
y

p p
i

i i= ⋅ = .

33. For the subsequent discussion it is convenient to have a suitable terminology for the indicators which
will be used to relate observable price and quantity data to the theoretical constructs just discussed.
For this purpose the following definitions due to Hicks (1941-42) are employed:

Laspeyres Quantity Variation: LQV = S [0∆

Paasche Quantity Variation:PQV = S [1∆

Laspeyres Price Variation: LPV� [ S= 0∆

Paasche Price Variation: PPV = [ S1∆ .

34. For a suitable choice of bases, these indexes decompose the total expenditure change into a quantity
and a price change.  It is easy to verify that

(4.6) ∆ ∆ ∆y LQV PPV= + = +S [ [ S0 1

      = + = +S [ [ S1 0∆ ∆ PQV LPV .

35. A multiplicative decomposition is obtained by means of the traditional Laspeyres and Paasche quantity
and price indexes:

(4.7) PPILQI
y
y ⋅=⋅=

01

11

00

10

0

1

px
px

xp
xp

= ⋅ = ⋅p x

p x

x p

x p

1 1

1 0

0 1

0 0
PQI LPI .
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4.2 Basic Results on Linear Approximations

36. The Lemma of the previous section implies the following differentials of the r ( )⋅  and c( )⋅  functions:

(4.8) ( ) ( )( )[ ]LRCV r e u LQV= ≈ = =∆ ∆ ∆ ∆S [ S [ S [
[

0 0 0 0,

(4.9) ( ) ( )( )[ ]PRCV r e u PQVx= ≈ = =∆ ∆ ∆ ∆S [ S [ S [1 1 1 1,

(4.10) ( ) ( )( )[ ]LCLV c u e u LPVp= ≈ = =∆ ∆ ∆ ∆0 0 0 0[ S S [ S,

(4.11) ( ) ( )( )[ ]PCLV c u e u PPVp= ≈ = =∆ ∆ ∆ ∆1 1 1 1[ S S [ S, .

37. Just as the theoretical variations are approximated by the empirical ones, so the theoretical indexes
defined in (3.8-9) are approximated by traditional Laspeyres and Paasche quantity and price indexes.

(4.12)
( )
( )LRCI

r u

r u
LQI= ≈ =

1 0

0 0

0 1

0 0

,

,

S

S
S [
S [

(4.13)
( )
( )PRCI

r u

r u
PQI= ≈ =

1 1

0 1

1 1

1 0

,

,

S

S
S [
S [

(4.14)
( )
( )LCLI

c u

c u
LPI= ≈ =

S

S
[ S
[ S

1 0

0 0

0 1

0 0

,

,

(4.15)
( )
( )PCLI

c u

c u
PPI= ≈ =

S

S
[ S
[ S

1 1

0 1

1 1

1 0

,

,
.

38. Equations (4.12-15) follow from (4.8-11) by appropriate transformations.  For example to obtain (4.12)
note that (4.8) implies

(4.16)
( ) ( )

( )
r u r u

r u

1 0 0 0

0 0

0 1 0 0

0 0

, ,

,

S S

S
S [ S [

S [

−
≈ −

from which (4.12) follows.

39. Since the variations are linear in the price or quantity differences, they aggregate exactly.  The
differentials of ACR and ACL are of the same form as those of household RC and CL.  The only
difference is the [  refers in the one case to the market aggregate, in the other to the household.  I have
discussed the linear aggregation in Hillinger (1994, 1998).  The focus of this paper is on chain indexes
and for this purpose it is better to use the centered measures developed in the next section, because
unlike Laspeyres or Paasche measures, the centered measures are unbiased.  An additional bonus is
that the centered measures are quadratic approximations at both the household and aggregate levels.
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40. In principle it is possible to pursue the theory further in order to show how chain indexes for aggregate
time series may be constructed from the aggregate variations.  I refrain from doing this because of the
superiority of the centered measures developed in the next section.

5. CENTERED MEASURES AND QUADRATIC APPROXIMATIONS

5.1 Consumer Surplus

41. Paradoxical as it may seem, the traditional triangular approximation to consumer surplus, which has
been central to cost-benefit analysis, supplies the key to the proper deflation of macroeconomic time
series.

42. The long history of CS begins with Dupuit (1844), who suggested the area under a demand curve,
above the price, as a measure of the ‘surplus’ utility enjoyed by the consumer.  The term ‘welfare
triangle’ often used to refer to this area involves the assumption of a linear demand curve.  Marshall
put his finger on a weakness of Dupuit’s argument, the implicit assumption of a constant marginal
utility of money, which has bedeviled the subject until modern times.7

43. The modern treatment of CS is due to Hicks (1940-41,1941-42, 1945-46, 1946).  His seminal
innovation was the formalization of the analysis in terms of the expenditure function.8 Hicks initially
defined the equivalent variation as

(5.1) ( ) ( )EV e u e u= −S S0 1 0 0, ,

and the compensating variation as

(5.2) ( ) ( )CV e u e u= −S S1 1 1 0, , .

44. Later, Hicks (1946) used the definitions

(5.3) ( ) ( )EV e u e u’ , ,= −S S1 1 0 1

(5.4) ( ) ( )CV e u e u’ , ,= −S S1 0 0 0 .

45. On the assumption, made by Hicks, of a constant money expenditure, these expressions differ in sign,
but not in magnitude.  Both sets of definitions are found in the literature, but the more recent literature
has converged to the definitions (5.1-2).  The fact that equations (5.1-2) are quantity measures whereas
(5.3-4) are price measures is indicative of a conceptual confusion.  A similar confusion applies to the
empirical measures related to welfare triangles.

46. In the following I discuss the general case in which all prices and quantities may change.  The
expressions are analogous to the single variable case, but the geometric interpretation of a move along

                                                     
7 McKenzie (1983, Ch. 4) discusses both the contribution of Dupuit and the analysis of Marshall. Formally, the

marginal utility of money is homogeneous of degree minus one in prices so that the assumption of constancy makes
no sense. Samuelson (1942) provided an exhaustive analysis of this issue.

8 Independently and at the same time this idea was also advanced by Henderson (1940-41).
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a demand curve is no longer possible.  Consider a drop in the price of a commodity x from S0  to S1 ,

with associate increase in quantity from [0  to [1 .  The consumer’s welfare gain from the increase

( )[ [1 0−  is the ‘welfare triangle’ ( )( )1
2

0 1 1 0S S [ [− − , the excess of what he would have been

willing to pay over what he actually pays.  To this must be added the amount he saves in purchasing

the old quantity, given by ( )S S [0 1 0− .  The sum of both expressions can be written as

( )( )− + −1
2

0 1 1 0[ [ S S .  Assuming again constant nominal expenditure, this expression can be

converted to the conventional measure of consumers surplus used in applied welfare analysis:9

(5.5) ( )( )CS = + −1
2

0 1 1 0S S [ [ .

47. Hicks attempted to show that to a quadratic approximation

(5.6) ( )1
2 EV CV CS+ ≈

but his proof is not satisfactory.  Even if the proof were correct, a result based on constant expenditure
would be a special case.  Also unsatisfactory are other attempts at providing a theoretical foundation
for CS most prominently those of Hotelling (1938) or Harberger (1966, 1971).10

48. The great attraction of the formula (5.5) is that it is a simple function of observable prices and
quantities and does not require knowledge of the individual preference structure.  Also, summation
over households leads to the same expression in terms of market data.  In section 5.2 I provide a valid
derivation of (5.5) and of the corresponding price measure and suggest that a modified CS formula
should be used to consistently estimate changes in RC and in other real components of the NIPAs, as
well as the associated price changes.

49. For the following discussion I drop the EV, CL terminology and instead use one that is more
descriptive, less ambiguous and more in line with the earlier sections.  The CS measure will be referred
to as the centered quantity variation

(5.7) ( )( )CQVi i i= + −1
2

0 1 1 0S S [ [ .

50. The centered price variation is defined analogously:

(5.8) ( )( )CPVi i i= + −1
2

0 1 1 0[ [ S S .

51. The two expression decompose the change in nominal expenditure.

(5.9) ∆y CPV CQVi i i= + .

                                                     
9 This can be seen by setting ∆y = 0  in (6.7).

10 All of these proofs fail, because the marginal utility of income, or some other expression homogeneous in prices, is
assumed constant, or is averaged in an arbitrary manner.
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52. A fundamental property of these expressions is that they are maintained additively.  Define:

(5.10) ACPV CPVi= Σ

(5.11) ACQV CQVi= Σ

(5.12) y yi= Σ .

53. Then, the algebraic form of ACPV, defined on ( , )p x  is the same as that of CPVi  defined on

( )S [i i .  The same holds for ACQV and CQVi .  Further,

(5.13) ∆y ACPV ACQV= + .

This property of linear aggregation is a basic reason for being interested in the centred variations.

54. Before the above, or related expressions can be recommended unequivocally, a number of issues must
be dealt with.

(a) The appropriateness of a centered measure.
(b) The relationship between the centered empirical variations and MMU.
(c) The aggregation properties of the centered variations.

(d) The need to deflate p1  in the definition of CQV and the problem of converting variations to
indexes.

(e) The construction of consistent sets of estimates, when multiple time series are linked by additive
identities, as in the NIPAs and when chained measures are employed.

55. Regarding (a), the answer is that the type of centered measure discussed here is appropriate for two
point comparisons.  Particularly, when considering a time series, each period twice enters a binary
comparison, first as the final period, then as the initial period.  There is no reason why either period
entering a comparison should be the preferred base and an averaged base is appropriate.  There are
however, two caveats:  One is that centered binary comparisons are an inappropriate basis for multiple
comparisons, because each binary comparison involves a different base.  For example, in choosing
among several public work projects, it would be more appropriate to evaluate all at initial prices.  The
alternative would be to compute a multidimensional base, as is commonly done in international

comparisons of real income.11 A second problem is that an average of p p0 1,  only makes sense in the
absence of inflation.  In general, a normalization is called for.  This is the topic (d) which along with
(b) and (c) and (e) is discussed in the following sections.

5.2 Centered Variations and the Measurement of Household Welfare

56. In this section I relate the centered variations to the expenditure function of the individual utility
maximizing household.  In doing so I will follow the basic idea of Hicks (1940-41), but will try to
clarify his argument conceptually and improve on the mathematics of his proof.

57. One problem with consumer surplus analysis in the tradition of Hicks is that it has never been entirely
clear if a price or a quantity measure is intended.  Hicks actually derived the price measure CPV by

                                                     
11 cf. Diewert (1988).
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averaging the quadratic approximation to a LCLV, which be termed the EV, and a PCLV which be
termed the CV.  His terminology confirms that he was attaching a money measure to the effect of a
price change.  However, in project analysis it is more plausible to say that we wish to know the
resulting change in welfare.  This would indicate a quantity measure.  Indeed, modern texts tend to
define the EV as a LRCV and the CV as a PRCV.  This is facilitated by the fact that as long as
∆y = 0 , the usual assumption made by Hicks, then LPV PQV= − and PPV LQV= − .  In the

following I will drop the EV, CV terminology as well as the restriction on ∆y  and give a general
derivation based on duality.12

58. There are two basic issues.  Is it reasonable to use an intermediate, or centered base?  What kind of
approximation is involved?  The analysis of the previous section suggests that a centered base is
appropriate, given a normalization to remove purely nominal effects.  Given this commitment, the
mathematical analysis can proceed.  I turn to the issue of approximation, in this section, to that of
normalization in the next.

59. The proof requires the Hessian matrix:

(5.14) ( ) ( )∇ = ∇ =
SS SS S � 6e u h ut t t t t, .

60. Using (4.1) and (5.14) and a second order Taylor approximation:

(5.15) ( ) ( )LCLV e u e p u= −S1 0 0 0; ,

           ( ) ( ) ( ) ( )= + +[ S S 6 S S0 1
2

0
3∆ ∆ ∆ ∆O .

(5.16) ( ) ( )PCLV e u e p u= −S1 1 0 1, ,

               ( ) ( ) ( ) ( )= − +[ S S 6 S S1 1
2

1
3∆ ∆ ∆ ∆O .

61. Hicks based his proof on the assumption that 6 61 0= .  This is inadmissible since 6  is homogeneous of
degree minus one inS�  Instead, I use the approximation

(5.17) ( ) ( )6 S 6 2 S1 0
1, ,y y= + ∆ ∆

where ()21 ⋅  is the matrix Taylor series approximation to ∆6 .  Substitution of (5.17) into (5.16) yields

(5.18) ( ) ( )PCLV O y= − +[ S S6 S S1 1
2

0
3∆ ∆ ∆ ∆ ∆, .

62. Finally, averaging (5.15) and (5.18):

(5.19) ( ) ( ) ( )CCLV LCLV PCLV O y= + = + +1
2

1
2

0 1
3[ [ S S∆ ∆ ∆, .

                                                     
12 Diewert (1992) carefully analyses Hicks’ various derivations, pointing out inconsistencies which have bedeviled

also the subsequent literature. He also discusses the issue of normalization. Diewert did not see that the error in
Hicks’ derivation can be corrected.
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63. Alternatively we can write

(5.20) CCLV CPV O= + 3 .

The centered RCV is defined analogously:

(5.21) ( )CRCV LRCV PRCV= +1
2 .

64. From the definitions it is easy to verify that the centered theoretical variations are dual:

(5.22) ∆y CRCV CCLV= + .

65. The duality equations (5.13), (5.22), together with (5.20) imply

(5.23) ( ) ( )CRCV O y= + +1
2

0 1
3S S [ S∆ ∆ ∆,

or equivalently

(5.24) CRCV CQV O= + 3 .

66. The unsatisfactory feature of the theory developed up to this point is that both CRCV  and CQV  are
not invariant to nominal changes of prices and expenditure.  I propose to deal with this issue as
follows:  Note that CCLV  and CPV  are free of this problem, since the weight involved,

( ) ( )u u0 1 0 1, , ,[ [  respectively, are real magnitudes.  This suggests the following procedure:  First,

aggregate (5.19).  Second, convert the aggregate price variation to an index giving the proportional

change in the level of consumer prices.  Third, use the index to deflate S1 .  Fourth, compute CQVs
using the deflated price.  Duality naturally leads to an additional new measure of the relative price
change for each subgroup.  Fifth, convert variations to indexes wherever this is required.  This agenda
will be realized in the following subsections.

5.3. Aggregate Indexes and the Approximation of ACRC and ACCL

67. The problem of aggregation over households has, in spite of its obvious importance, received little
attention in the literature.13 The usual aggregation problem discussed there is that of aggregating over
commodity groups.  This problem arises, for example, if RCI or CLI are built up from subindexes for
commodity groups such as food, housing, etc.  Regarding this kind of aggregation there exists a
substantial literature, much of it based on the idea of separability of commodity groups in the utility
function.14 As was the case for aggregation over households, such special assumptions are unnecessary
in the linear case involving Laspeyres or Paasche variations.

                                                     
13 The available results are surveyed in Diewert (1997), his original contribution is Diewert (1984).
14 See Gorman (1959), Deaton and Muellbauer (1980, Ch. 5).
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68. I turn first to the approximation of ACRC, using the following notation:

p is the price vector, [i  the consumption of the i-th household, xij  the quantity of good j consumed

by the i-th household, and [j  the aggregate market quantity.  The vector of individual consumption

bundles is ; [ [= ( ,..., ).1 N  Centered prices or quantities are denoted as before by S [, .

69. From the definition of ACRC,

(5.25) ACRCV ( ; )∆; S = ∑CRCVi i
i

( ; )∆[ S ≈ ∑∑ p xj
j

ij
i

∆

= ∑∑ p x
j

i
ij

j

∆ = ∑ p x
j j

j

∆ = S [∆ .

70. The derivation for the ACCL variations is analogous:

(5.26) ( ) ( )ACCLV CCLV u pi
i

i ij
ji

j∆ ∆ ∆S ; S [; ;= ≈∑ ∑∑

= = =∑∑ ∑x p x pij j
ij

j j
j

∆ ∆ ∆[ S .

71. Equivalently we can write

(5.27) ( ) ( ) ( )ACRCV p ACQV O∆ ∆ ∆ ∆; [ S ; S, , ,= + 3 .

(5.28) ( ) ( ) ( )ACCLV ACPV O∆ ∆ ∆ ∆S ; S [ ; S, , ,= + 3 .

Finally,

(5.29) ∆y ACRCV ACCLV ACQV ACPV= + = +

5.4 Normalization

72. The only remaining problem is that the measures in (5.27) are in need of a normalization, while those
in (5.28) are not.  An appropriate deflator can be obtained by transforming ACPV  to an index:

(5.30) ( )ACPI S S ;
[S
[S

0 1
1

0, ; .= =λ

73. This index can also be derived formally from ACPV  by postulating a basic property that any deflator
should have:  the measured increase in relation to the deflated prices should be zero.  Thus for any
deflator λ  we should require

(5.31) ( )[ S Sλ − − =1 1 0 0.

The solution is (5.30).
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74. Proceeding analogously to define

(5.32) ( )ACQI [ [ S
S[
S[

0 1
1

0, ; =

is not successful for two reasons.  The index retains the undesirable property that the variation is not
invariant to nominal changes.  Also, though the variations are dual, the indexes are not.

75. Fortunately, both problems can be dealt with in one step by defining the normalized aggregate quantity
index as the deflated ratio of nominal expenditures:

(5.33) ..
111111

00

11

0

1

0

11
~,~,

~~
pp

xp
xp −−

−

===== λλλ
yy

y

y

y

y
NAQI .

76. The quantities in each period are weighted by their relative prices, any change in the general level of
prices having been factored out by deflation.  The quadratic approximation property of ACPI  is
transmitted to NAQI  by duality.

77. More insight can be gained by analyzing the variation involved.  The total variation is decomposed
into two parts.  The first involves the changes S S0 1 0 1→ →~ , ~y y  and the associated quantity change

[ [0 1→ .  The first term on the right of (5.34) is the associated NAQV.  The second is the aggregate
relative price variation, which is zero by (5.31).  The second variation involves the move

1111 ~,~ yy →→ pp .  This is purely nominal, so there is no associated quantity variation and the price

variation has the weight [1.  The first term on the right side of the second line is obtained by
subtracting the last term from ∆y .

(5.34) ( ) ( ) 


 −+−+∆=∆ 1110110
2
1 ~~~ ppxppxxp+py

      
1101 ~0~ yyyy −++−=

      ACPVNAQV +=

78. The changes can equally well be expressed in index form:

( )
( ) 11

11

0

1

010

110

0

1

~

~

~

~

px
px

px
px

xpp
xpp ⋅





⋅

+
+=

y

y

λ
0

1~

y

y=

ACPINAQI ⋅=

5.5 Consistency of Multiple Chained Time Series

79. The problem discussed in this section is one of which economists appear to be generally unaware,
though it is of fundamental importance for the construction of the NIPA statistics.  There are three
kinds of consistency which one would want to impose on the process of deflating the accounts:
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(a) Additive consistency:  Additive identities, holding between nominal magnitudes should also hold
for the deflated real magnitudes.

(b) Time consistency:  The formula chosen to extrapolate the real magnitude should be adhered to for
all time series.

(c) Duality:  Deflated and real magnitudes should be dual, i.e. together reproduce the movements of
nominal magnitudes.

80. The international NIPAs that are currently computed are inconsistent.  Current opinion has it that (a)
and (b) are incompatible in principle when chained indexes are used.15 This can be illustrated in terms
of the method actually employed to chain real magnitudes.  The procedure is to regard nominal

magnitudes of a base year as real and then to extrapolate using a LQI.  Let ( ) ( )S [ S [I I J J, , ,  be two

commodity subaggregates of ( )S [, , with ( ) ( )S S S [ [ [= =I J I J, , , .  The real magnitudes for the

third period obtained by chaining are:

(5.36)  S [
S [
S [

S [
S [

I I
I I

I I

I I

I I

0 0
0 1

0 0

1 2

1 1⋅ ⋅ +S [
S [
S [

S [
S [

J J
J J

J J

J J

J J

0 0
0 1

0 0

1 2

1 1⋅ ⋅ ≠ S [
S [
S [

S [
S [

0 0
0 1

0 0

1 2

1 1⋅ ⋅ .

81. The chained components do not add up to the chained aggregate.  This procedure is followed by almost
all countries.  An exception are the United States which use a Fisher chain in order to account for the
inter-year substitution effect.  In this case the figures are inconsistent already in the year following the
base year:

(5.37) S [
S [
S [

S [
S [I I

I I

I I

I I

I I

0 0
0 1

0 0

1 1

1 1

1
2

⋅ ⋅








 + S [

S [
S [

S [
S [J J

J J

J J

J J

J J

0 0
0 1

0 0

1 1

1 1

1
2

⋅ ⋅








 ≠ S [

S [
S [

S [
S [

0 0
0 1

0 0

1 1

1 0

1
2
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 .

82. It is plausible, that as further links of the chain are computed by either method, the difference of the
sum of the first two items and the third will drift ever further apart.  This is the view also of the
statistical agencies (Landefeld and Portes, 1997).

83. The theory of this paper allows a fully consistent computation of real and nominal magnitudes within a
framework of chained NIPAs.

84. The sectoral equations corresponding to (5.34) for the two sectors and the aggregate are:

(5.38) NQV RPV CPV

( ) ( ) 


 −+−+∆=∆ IIIIIIIIII +y
1110110

2
1 ~~~ ppxppxxpp

( ) ( ) ( )JJJJJJJJJJ +y 1110110
2
1 ~~~ ppxppxxpp −+−+∆=∆

85. It is easy to check that the sectoral variations add up to the aggregate variations of equation (5.34).
The relative price variations of the sectors are nonzero, since we use the aggregate λ , not a λI  or λ J

for the sectors.  The RPV measures allow a systematic accounting, based on fundamental theory, of the
change in relative prices for groups of commodities.  I believe that the introduction of these measures
into the NIPAs  would be very useful.  After all, relative prices determine the allocation of resources.

                                                     
15 The non-additivity of chain indexes is discussed by Hill (1993).
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86. For a sector, the index decomposition is:

( )
( ) λ⋅
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87. The level of RC for each year and each sector is computed by adding NRCV to the previous values, or
to the base year:

( ) IIIII +yRC xpp ∆+= 10

2
101 ~

( ) JJJJJ +yRC xpp ∆+= 10

2
101 ~

( ) 110

2
101 ~~ y+yARC =∆+= xpp .

88. The proposed method of accounting for quantity and price changes meets the consistency requirements
postulated above, it leads to unbiased estimates and it quadratically approximates the theoretical
measures ARC and ACL proposed in this paper.

89. The formal decompositions of nominal changes into price and quantity components can be directly
applied to all of the components of the NIPAs  and retain their plausibility.  It would, of course, be
desirable to extend the fundamental economic theory to the non-consumption sectors as well.

7. CONCLUSION

90. The paper provides a general theory for the measurement of welfare, which explicates the theoretical
foundation of the measures computed and shows how they may be significantly improved.

91. The central result demonstrates that it is possible to approximate quadratically the theoretically defined
measure of aggregate real consumption.  The empirical measures are based only on observable price-
quantity data.  They require no special restriction either on preferences or on the expenditure
distribution.

92. The measures are based on the triangular approximation to consumer surplus, which goes back to
Dupuit, but has never been convincingly derived, in spite of the efforts of such distinguished
economist as Hotelling, Hicks and Harberger.  I show that Hicks’ idea for the proof can be both
generalized and made rigorous.  In the paper welfare depends solely on the flow of current
consumption.  The measures proposed can plausibly be applied to the other components of GDP as
well.

93. While the focus of this paper is on the empirical measurement of welfare I believe that the concept of
AMMU is equally fundamental for theoretical welfare economics.  Following are some examples
where this concept has already been either implicitly or explicitly used.  The easiest way to prove the
efficiency of a competitive equilibrium S [* *  is to show that for any Pareto superior alternative
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[
 S [ S [, * ’ * *> , so that [
  is not feasible.16 A similar proof can be given in the case of

international trade.17 The theory of excess burden, or deadweight loss, of taxation is usually formulated
in terms of consumer and producer surplus under the assumption of representative agents.  The same
assumption underlies empirical applications.  As Auerbach (1985, 79-83) shows, the aggregation
problem using a conventional SWF approach poses severe if not insurmountable difficulties.  AMMU
is the concept most likely to resolve this impasse.

                                                     
16 Cf. Varian, 1992, 345-346.
17 cf. Gandolfo, 1994, Ch. 2.
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9. DEFINITIONS

Independent Terms

CL Cost-of-living
CS Consumer surplus
CV Compensating variation
EV Equivalent variation
MMU
NIPA

Money metric utility
National Income and Product Account

RC Real consumption

Terms Used as Qualifiers

A
C

Aggregate
Centered

I Index
L
N

Laspeyres, Level
Normalized

P Paasche, Price
Q
R

Quantity
Real, Relative

V Variation

Examples

ANQI
ARCV
CCLI
CPV

Aggregate normalized quantity index
Aggregate real consumption variation
Centered cost-of-living index
Centered price variation

LQI Laspeyres quantity index
PPI Paasche price index


