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Table 4. Non-linear co-integration equations, Brazil, Colombia and Mexico 

Coefficients Brazil Brazil Colombia Colombia Mexico 
(NLLS) (EN-NLLS) (NLLS) (EN-NLLS) (NLLS) 

1α  -10.36** -10.89** - - 11.88*** 

 [5.02] [5.35]   [1.09] 

11β  6.84** 6.30** 2.64*** 2.62*** - 

 
[3.18] [3.19] [0.35] [0.38] 

 
12β  12.80*** 12.98*** 0.003*** 0.003*** … 

 [2.25] [2.35] [0.0001] [0.0001]  
2α  21.88*** 22.15*** 6.31*** 6.32*** -5.46*** 

 [6.33] [6.79] [0.19] [0.18] [1.53] 

21β  -5.99* -5.59* - - 4.36*** 

 [3.24] [3.27]  
 [1.18] 

22β  -10.59*** -10.63*** -0.003*** -0.003*** … 

 [2.61] [2.76] [0.0001] [0.0001]  
c -0.39*** -0.40*** 0.26*** 0.27*** 0.63*** 

 [0.07] [0.07] [0.03] [0.03] [0.04] 
γ  7.01 6.79 3.91 4.03 3.53 

Trend 
 

 
 

 -0.06*** 

 
      [0.01] 

No. obs. 81 78 54 51 88 

Adj-R2 0.65 0.64 0.56 0.52 0.31 

Wald test  
 3.24 3.34 

 
p-value    0.07 0.07   

1. Approximated standard errors are reported in brackets. “–” indicates that the coefficient was insignificant 
and then excluded from the final model. “…” means that variable was not included in the model. The 

Wald test was performed to test the restriction that )0( 2212 =+ ββ . (*), (**) and (***) 
denote significance at the 10, 5 and 1% levels, respectively. 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

In the case of Brazil, the estimated coefficients on the inflation gap are statistically significant, 
positively signed in the linear part of the model and negatively signed in the non-linear part. These 
coefficients suggest that, for an inflation gap close to the estimated threshold for regime change (-0.4), the 
transition function tends to 0, and the linear part of the model dominates. However, non-linear responses 
emerge when the inflation gap deviates from the estimated location threshold, and the transition function 
tends to 1. The net effect, calculated as the sum of the coefficients estimated for both regimes (0.71, on the 
basis of the EN-NLLS estimates), is nevertheless positive. In other words, the central bank reacts to an 
increase (decrease) in the inflation gap by tightening (loosening) monetary policy, but this policy response 
appears to weaken as the inflation gap widens. Central bank responses to the exchange rate also appear to 
vary across policy regimes. The net effect is positive (2.35, for the EN-NLLS estimates), suggesting that 
the central bank reacts by hiking the interest rate when the exchange rate depreciates. But this response 
loses vigour as the inflation gap widens. In other words, the central bank’s responses (to the inflation gap 
and the exchange rate) seem to be stronger when the inflation gap is close to the threshold. 

We attribute these findings to the sequence of adverse supply shocks that hit the Brazilian economy in 
the early phase of inflation targeting, rather than a lack of resolve on the part of the monetary authorities to 
act decisively when confronted with large inflation surprises. These shocks, such as a severe energy 



ECO/WKP(2009)20 

 16

shortage in 2001 and a confidence crisis in the run-up to the presidential election of October 2002, when 
commitment by the front-running candidate to macroeconomic austerity was in doubt, resulted in a 
sizeable exchange-rate depreciation and an attendant impact on inflation and inflation expectations. 
Cognizant that monetary action under such circumstances would be overly destabilising, the monetary 
authority opted for pursuing adjusted targets while committing to tackling the second-round effects of 
exchange-rate devaluations on inflation.18 

Two final observations are noteworthy in the case of Brazil. First, the estimated threshold is negative, 
as noted above, albeit small in magnitude (-0.4). We interpret this finding as reflecting the fact that the 
central bank may have attempted to consolidate credibility in inflation targeting by seeking to anchor 
inflation expectations somewhat below the target. Second, the slope parameter, which reflects the 
smoothness of the transition function, is high in magnitude (6.8, on the basis of the EN-NLLS estimates).19 
This implies that regime shifts are fairly swift, once the transition variable has reached the estimated 
threshold. This is illustrated by the transition function and regime changes depicted in Figures 1 and 2. 

Figure 1. Brazil: Estimated transition function 

 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

                                                      
18. See OECD (2005) and Bevilaqua et al. (2008) for descriptive accounts of these episodes. 

19. The significance of this parameter is not reported, because, as Saikkonen and Choi (2004) pointed out, 
conventional hypothesis testing cannot be used for the parameters inducing non-linearity due to 
identification issues. 
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Figure 2. Brazil: Estimated regime changes 

 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

The estimated transition function can be used to assess the behaviour of the central bank as the 
inflation gap approaches the edges of the inflation-target band (Figure 1). In Brazil, the central bank 
operates in the “lower-response” regime, where the value of the transition function is 1, when expected 
inflation exceeds the central target by about 0.5 percentage points or falls short of it by about 
1.4 percentage points. This suggests a policy regime shift that takes place within a range of values for the 
inflation gap that is much narrower than the formal width of the tolerance band around the central target, 
which is currently plus or minus 2 percentage points. Also, central bank responses have strengthened since 
March 2005, because the transition function has never reached the value of 1, when the “low-response” 
regime dominates, since then, and its values have been lower on average (Figure 2). 

With regard to Colombia, the inflation surprise coefficient is only significant in the linear part of the 
model. In this case, as opposed to Brazil, the central bank’s response to the inflation gap does not change 
across regimes. Nevertheless, this coefficient is positive and higher than one, as expected. As for the 
exchange rate, policy responses are positive in the linear part of the model and negative in the non-linear 
part. We nevertheless cannot reject the null hypothesis of equality of these coefficients (tested through a 
Wald test); as a result, only the constrained coefficients are reported.20 This implies that the net effect is 
nil, suggesting that the monetary authorities react to exchange-rate depreciations by increasing interest 
rates when the inflation gap is around the threshold level, but responses weaken as the inflation gap 
widens. Moreover, the transition parameter is positive (0.3, on the basis of the EN-NLLS estimates) and 
the slope parameter is fairly high (4.0, on the basis of the EN-NLLS estimates), suggesting that regime 
shifts are fairly swift, as in the case of Brazil. The estimated transition function and regime changes are 
depicted in Figures 3 and 4, respectively. In particular, the increase in the value of the transition function 
suggests that authorities may be increasingly reluctant to use monetary policy as an exchange-rate 
management tool (Figure 4). 

                                                      
20. It follows from Theorems 4.1 and 5.1 in Park and Phillips (2001) and from Chang, Park and Phillips (2001) 

that standard hypothesis testing, such as Wald tests, is valid for both linear and non-linear parameters. 
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Figure 3. Colombia: Estimated transition function 

  

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

Figure 4. Colombia: Estimated regime changes 

 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

As motivated by the linear co-integration analysis reported above, in the case of Mexico, a different 
specification was used for the reaction function, which excludes the exchange rate and includes a time 
trend. The NLLS estimation results show that the inflation gap is statistically different from zero only in 
the non-linear part of the model, where it is positively signed and greater than one in magnitude, as 
expected. Unlike the findings for Brazil and Colombia, the Mexican monetary authority does not seem to 
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react to the inflation gap when it is close to the threshold of 0.6 percentage point. However, sizeable 
inflation gaps prompt a strong response by the central bank. Finally, the estimated transition threshold is 
positive, as in the case of Colombia, and the smoothness parameter is fairly high, as in the other countries. 

The estimated transition function and regime changes are depicted in Figures 5 and 6, respectively. 
According to the estimated transition function, a shift to the “stronger response” regime takes place when 
expected inflation exceeds the central target by around 1 percentage point, which coincides with the ceiling 
of the tolerance band around the central target. There is also evidence of non-linear behaviour as expected 
inflation exceeds the central target by about 0.2 percentage points. This asymmetry may reflect the central 
bank’s evaluation of risks associated with deviations of inflation expectations from the central target. The 
central bank may evaluate the deflationary risks related to small negative inflation gaps, which call for 
monetary loosening, to be higher than the inflationary risks associated with positive inflation gaps, which 
call for a tightening of the policy stance. Moreover, the fall over time in the value of the transition function 
suggests that the monetary authorities reacted particularly aggressively to the inflation gap until mid-2005 
(Figure 6). 

Figure 5. Mexico: Estimated transition function 

 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 
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Figure 6. Mexico: Estimated regime changes 

  

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, and authors’ 
estimations. 

Testing for non-linear co-integration 

We tested for stationarity in the residuals of the non-linear reaction functions estimated above to make 
sure that the variables of interest do co-integrate. Many procedures are available in the literature to test for 
linear co-integration. In a recent paper, Choi and Saikkonen (2004) extended this analysis to the non-linear 
case.21 The authors proposed a test statistic based on the residuals of the non-linear equations, where 
non-linear co-integration is the null hypothesis against an alternative of no co-integration.22 However, 
tabulations of this statistic are impractical due to non-linearity, a problem that cannot be solved through 
bootstrapping or sub-sampling methods. The authors therefore proposed a new test statistic using 
sub-residuals and the Bonferroni procedure, defined as: 

∑ ∑
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ω ) of the residuals from 

Equation (4) ( *ˆtu ) , b  is the block size of sub-residuals, and i denotes the starting point of the 

sub-residuals. 

                                                      
21. We thank In Choi for sharing his GAUSS code. 

22. The procedure is akin to the Shin (1994) test for the null of cointegration, following the tradition of the 
Kwiatkowski, Phillips, Schmidt and Shin (1992) univariate test (henceforth KPSS) for the null of 
stationarity. 
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The test statistics is computed as ),...,max( ,,, 1 Mib
NLLSEN

ib
NLLSEN

ib
NLLSEN CCC −−− = , whose α -level critical 

values are taken from the distribution of ∫
1

0

2 )( dssW , where W is a standard Brownian motion, 

using level M/α . For a given block size b, the authors propose a simple rule to choose the optimal 

number of starting points of sub-residuals ),...,( 1 Mii  and the number of sub-residuals-based 
tests (M) used in the Bonferroni procedure. In addition, the selection of the block size b can be carried out 

by using a fixed rule, such as by fixing [ ]δTb = , with )10( ≤≤ δ , or a minimum-volatility rule. In 
the latter case, b should be chosen so as to minimise the standard deviation of the test statistics for each 
value of b from smalli bb =   to bigi bb =   (Romano and Wolf, 2001), with 

),...,( mbigmsmallbi −+= .23 

The results of the non-linear co-integration tests are reported in Table 5. The null hypothesis of 
non-linear co-integration cannot be rejected at the adjusted 5% level for all countries, regardless of whether 
the fixed or the minimum-volatility rules are used. These findings strongly suggest the existence of a 
stationary relationship in our non-linear monetary reaction functions for Brazil, Colombia and Mexico. 

Table 5. Choi and Saikkonen test for non-linear co-integration 

Country Rule Block 
size M p-value 

Adjusted 
5% level 
( M/α ) 

Brazil FX 51 2 0.10 0.025 
MV 43 2 0.51 0.025 

Colombia FX 35 2 0.36 0.025 
MV 25 3 0.07 0.017 

Mexico FX 57 2 0.07 0.025 
MV 48 2 0.31 0.025 

1. The null hypothesis is that of non-linear co-integration (stationary residuals). 
The criterion for non-rejection of the null at the 5% level of significance is 

p-value > Adjusted 5% level ( M
α ). FX and MV denote the fixed and 

minimum-volatility rules, respectively. The fitted residuals from EN-NLLS 

estimates (
*ˆtu ) are used for Brazil and Colombia, while the residuals from 

NLLS estimates ( tû ) are used for Mexico. 

Source: Data available from the central banks of Brazil, Chile, Colombia and Mexico, 
and authors’ estimations. 

5. Conclusions 

This paper estimated unrestricted monetary reaction functions for Brazil, Colombia, Chile and Mexico 
using monthly data for the post-1999 inflation-targeting period. We tested for co-integration among the 
inflation gap, the interest rate and the exchange rate due to the presence of unit roots in these series. Strong 
evidence was found of neglected non-linearity in the linear co-integrating equations for Brazil, Colombia 
and Mexico on the basis of the Breitung test, as well as of non-linear co-integration in the data for these 
three countries using the Choi-Saikkonen test. Smooth-transition models with exponential transition 
functions, where the transition variable is the inflation gap, were estimated using the non-linear least 
                                                      
23. As in Romano and Wolf (2001), the value of m is set = 2 by Choi and Saikkonen (2004). 



ECO/WKP(2009)20 

 22

squares (NLLS) and the efficient non-stationary non-linear least squares (EN-NLLS) methodologies 
developed by Park and Phillips (2001) and Chang, Park and Phillips (2001). In the case of Chile, only 
linear co-integration was tested for, given that no evidence of neglected non-linearity was found. 

The results reported above suggest that central banks react to increases in the inflation gap by 
tightening monetary policy. Central bank behaviour is linear in Colombia, because the estimated policy 
response is statistically insignificant in the non-linear part of the model, and in Chile, where statistical tests 
rejected non-linearity. In both cases the coefficients are greater than one, as expected. Evidence of 
non-linear monetary responses was found for Brazil and Mexico. In Brazil, a negative coefficient on the 
inflation gap in the non-linear part of the model suggests that policy responses weaken when the inflation 
gap widens. Nevertheless, the net effect across policy regimes is still positive. In addition, central bank 
responses have strengthened since March 2005, because the transition function has never reached the value 
of 1, when the “low-response” regime dominates, since then, and its values have been lower on average. 
By contrast, the central bank of Mexico does not seem to respond to the inflation gap when it is close to the 
estimated threshold parameter, while policy responses become stronger as the inflation gap widens. 

As for the exchange rate, there also appears to be different policy regimes in Brazil, with a still 
positive net effect across regimes. In the case of Colombia, however, the estimated coefficients were found 
to be of the same magnitude and opposite signs in both regimes, suggesting that the overall response is 
muted, once non-linear behaviour is taken into account. All in all, in both countries a nominal 
exchange-rate depreciation seems to trigger a tightening of monetary policy. On the basis of the linear 
co-integration analysis, the central bank’s response to the exchange rate is very small in magnitude in 
Chile. 
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