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OUTLINE OF THE PRESENTATION 

 
 

 

1. Statement of the problem 

 

 
2. Benchmarking: Denton’s univariate 

procedure 

 

 
3. Temporal disaggregation using related 

series: Chow and Lin’s univariate 

approach 

 

 
4. Benchmarking/Disaggregating a system 

of time series linked by an accounting 

constraint 
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1. STATEMENT OF THE PROBLEM 

 
 

• Need for economic time series 
 
‘High’ frequency (quarterly, monthly) 
‘Long’ time spans 
 
for statisticians, econometricians and 
economic analysts 

 
 

(Action Plan on EMU Statistical 

Requirements, september 2000) 

 

Availability of complete, reliable (and 
timely) time series of the main economic 

aggregates 
 

Quarterly National Accounts 

Principal Economic Indicators 
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Unavailability of (part of) needed 

information 

 
⇓ 
 

hard or impossible to directly estimate 
 
 
 
• Use all the available information to get 

‘reasonable’ estimates 

 
 
 
• Quality and usefulness (relevance) 

depend on 

 
 

⇒ Amount of available information 
 
 
⇒ Way in which the various ‘pieces’ of 

information are combined 
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TERMS OF THE PROBLEM-1 
 
 

Benchmarking 
 

Refers to the case where there are two 

sources of data for the same target 

variable, with different frequencies, and is 

concerned with correcting inconsistencies 

between the different estimates 

 

Given monthly and annual estimates of retail 
trade series from different sources, reconcile 

the estimates 
Make the annual total of SA series ‘coherent’ 

with the raw data 
 
 
The dynamic profile of the target variable 

and of the unbenchmarked series should 

be similar. Warning: the step problem 
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TERMS OF THE PROBLEM-2 
 
 

Temporal disaggregation of time series 
 

Process of deriving high frequency data 

from low frequency data and, if available, 

related high frequency information 

 

Given a ‘low’ frequency (yearly, quarterly) 
observed time series, estimate the ‘high’ 

frequency values (quarterly, monthly) 
 
 
 
A temporal aggregation constraint must be 

fulfilled: the estimated figures must be 

‘coherent’ with the temporally aggregated 

available data. Warning: model selection 

and choice of indicator series 
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FIELDS OF APPLICATION 
 
 
Quarterly Accounts 

 give a quarterly breakdown of the figures in 

the annual accounts 

 
 
Flash estimates 

 use the available information in the best 

possible way including, in the framework of 

a statistical model, the short-term available 

information and the low frequency data in a 

coherent way 

 
 
Seasonal adjustment 

 Fulfil temporal (wrt raw data) and 

longitudinal (wrt accounting constraints, 

direct SA) coherence of SA series  
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ESA 1995 (12.04) 
 
The statistical methods used for compiling quarterly 
accounts may differ quite considerably from those 
used for the annual accounts. 

 
They can be classified in two major categories: direct 
procedure and indirect procedure. 

 
Direct procedures are based on the availability at 
quarterly intervals, with appropriate simplifications, 
of the similar sources as used to compile the annual 
accounts. 

 
On the other hand, indirect procedures are based on 
temporal disaggregation of the annual accounts data 
in accordance with mathematical and statistical 
methods using reference indicators that permit the 
extrapolation for the current year. 

 
The choice between the different indirect procedures 
must above all take into account the minimisation of 
the forecast error for the current year, in order that 
the provisional annual estimates correspond as 
closely as possible to the final figures. 

 
The choice between these approaches depends, 
among other things, on the information available at 
quarterly level. 
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The elements of a multivariate annual-quarterly 

indirect estimation/benchmarking problem 

Gray shaded elements: unknown or unbenchmarked 
            

Year Quarter           

T h 1,y t  01,Ty  " ,y j t  0 ,j Ty  " ,yM t  0 ,M Ty  tz  0,Tz  

 1 1,1y   " ,1y j   " ,1yM   1z   

 2 1,2y   " ,2y j   " ,2yM   2z   

 3 1,3y   " ,3y j   " ,3yM   3z   

 4 1,4y   " ,4y j   " ,4yM   4z   

1   01,1y  "  0 ,1jy  "  0 ,1My   0,1z  

 " "   "   "  "  

 1 1,4 3y T −   " ,4 3y j T −  " ,4 3yM T −  4 3Tz −   

 2 1,4 2y T −   " ,4 2y j T −  " ,4 2yM T −  4 2Tz −   

 3 1,4 1y T −   " ,4 1y j T −  " ,4 1yM T −  4 1Tz −   

 4 1,4y T   " ,4y j T   " ,4yM T   4Tz   

T   01,Ty  "  0 ,j Ty  "  0 ,M Ty   0,Tz  

 " "   "   "  "  

 1 1,4 3y N−   " ,4 3y j N −  " ,4 3yM N −    

 2 1,4 2y N−   " ,4 2y j N−  " ,4 2yM N−  4 3Nz −   

 3 1,4 1y N−   " ,4 1y j N−  " ,4 1yM N−  4 2Nz −   

 4 1,4y N   " ,4y j N   " ,4yM N   4 1Nz −   

N   01,Ny  "  0 ,j Ny  "  0 ,M Ny  4Nz  0,Nz  

 1 1, 1y n−   " , 1y j n−   " , 1yM n−   1nz −   

 2 1,y n   " ,y j n   " ,yM n   nz   
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TEMPORAL DISAGGREGATION 
PROCEDURES 

 
 

Procedures without indicators 

 

Smoothing procedures 
 
Time series procedures 

 
 
These methods should be used only when 
there are serious gaps in basic information 
 
 
 
Procedures with indicators 

Two-steps adjustment procedures 
 
Optimal regression based procedures 

 
 
HF: High Frequency (e.g., quarter, month) 
LF: Low Frequency (e.g., year, quarter) 
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PROCEDURES WITHOUT INDICATORS-1 

 
 
Smoothing procedures 

(Lisman and Sandee, 1964; Boot et al., 
1967; Jacobs, 1994) 
 
 
• short term dynamics based on a priori 

assumption and purely mathematical 

techniques ensuring a sufficiently 

smoothed path 

 
 
• extrapolation generally not allowed 
 
 
• lack of information 
 
 
• no real enlargement of the information 

base 
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PROCEDURES WITHOUT INDICATORS-2 
 
 
Time series procedures 

(Al-Osh, 1989; Wei and Stram, 1990) 
 
 
• an ARIMA model for the LF series is 

used to get a ‘reasonable’ (in least 

squares sense) estimate of the HF data 

generating process 

 
• allows for extrapolation 
 
• measures of reliability of the estimates 
 
• generally, no seasonal pattern can be 

recovered 

 
• requires computational resources and 

an active role of the user 
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PROCEDURES USING RELATED SERIES 

 
 

 
The HF path is estimated on the basis of 

external HF information on logically and/or 

economically (not in a modelling, but in a 

‘measurement’ sense!) related variables 
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Two steps adjustment methods 
 
The process of estimation can be logically 

divided into two parts 

 
 
1. Preliminary estimation (from survey, 

according to some indirect estimation 

techniques,…) of the HF series of 

interest not consistent with the LF 

counterpart 

 
2. Adjustment (benchmarking) of the 

preliminary estimates in order to fit the 

known annual series 

 
 
Notice: In the multivariate case (system of 
time series) the second step includes the 
fulfilment of the contemporaneous 
accounting constraints 
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Preliminary estimation generally according 
to either 
 

direct way (e.g., sample survey) 
 
or 
 
mathematical-statistical way (e.g., by 
using a linear regression relationship 
between the LF target series and the LF 
related indicators) 

 
 
However obtained, preliminary estimates 
do not generally satisfy the temporal 
aggregation constraints 
 
The LF discrepancy (residuals) must be 
distributed according to an adjustment 
procedure 
 
The adjustment procedure (benchmarking) 
should operate by fitting the LF constraints 
and by altering the HF path of the 
preliminary estimates to the least extent 
possible 
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Optimal regression based procedures 
 
 
Preliminary estimation and adjustment are 

simultaneously performed according to a 

statistically optimal procedure 

 
 
The linkage between target series and 

indicators is formulated at HF level 

 
 
A temporally aggregated (LF and 

observable) regression model is derived 

from the HF counterpart 

 
 
Estimates are obtained as constrained and 

conditional forecasts of a generalized 

(autocorrelated disturbances) regression 

model 
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SOME DEFINITION 
 
 

Distribution 

LF (e.g., annual) data are either sums or 
averages of HF (e.g., quarterly) data (GDP, 
consumption, indexes and in general all 
flow variables and all average stock 
variables) 
 
 
Interpolation 

LF value equals by definition that of the 
last (or first) HF reference period (e.g., 
population at the end of the year, money 
stock, and all stock variables) 
 
 
Extrapolation 

Estimates of HF data are needed when the 
relevant LF value is not yet available 
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NOTATION 
 

,h ty : variable of interest (unknown) 

,h tp : preliminary (unbenchmarked) estimate 
(known) 

,h tx : vector (k,1) of related series (known) 
 

h=1,…,s,        t=1,…,T   ⇒   n=sT 
 

s=3 ⇔ quarterly to monthly 
s=4 ⇔ yearly to quarterly 
s=12 ⇔ yearly to monthly 

 
 

Temporally aggregated series (known) 
 

,
1

s

t h h t
h

y c y
=

=∑      t=1,…,T 

 
 
Flows    ⇒  c=(1,1,…,1)’ 
 
Index    ⇒  c=(1,1,…,1)’/s 
 
Stock    ⇒  c=(0,0,…,1)’ 
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TEMPORAL AGGREGATION MATRICES 
 

1. Distribution of flow variables 
 

1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0

0 0 0 0 0 0 1 1 1

dist

 
 
 =
 
 
 

C

" " " "
" " " "

# # % # # # % # % # # % #
" " " "

 

 
 

2. Estimation of index variables  1ind dist

s
=C C  

 
 

3. Interpolation of stock variables 
 

0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 1

inter

 
 
 =
 
 
 

C

" " " "
" " " "

# # % # # # % # % # # % #
" " " "

 
 

4. Extrapolation:      / /

0 0

0 0

extr dist ind inter

 
 =  
  

C C # #  
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2. BENCHMARKING: DENTON’S 

UNIVARIATE PROCEDURE 
 

 

References 

• Denton (1971) 

• Helfand et al. (1977) 

• Monsour and Trager (1979) 

• Cholette (1984) 

• Laniel and Fyfe (1990) 

• Cholette and Dagum (1994) 

• Durbin and Quenneville (1997) 

• Chen, Cholette and Dagum (1997) 

• Bloem et al. (2001) 

• Quenneville et al. (2003) 
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The adjusted (benchmarked) estimates are 
obtained according to a 

movement preservation principle 
 
 

on levels 

⇓ 

Additive (First Differences) variant 

 
minimize wrt to ,h ty  the quadratic loss function 

( ) ( ) ( ) ( )2 2
1 1 1 1

2 2

n n
y y p p y p y pτ τ τ τ τ τ τ τ

τ τ
− − − −

= =
∑ ∑− − − ≡ − − −      

 
 

on proportionate levels 

⇓ 

Proportional (First Differences) variant 
 
minimize wrt to ,h ty  the quadratic loss function 

2 2

1 1 1

2 2
1 1

n n

t

y p y p y y
p p p p

τ τ τ τ τ τ

τ
τ τ τ τ

− − −

= =
− −

∑ ∑
   − −

− ≡ −   
   

 

 
in both cases: subject to the aggregation 
constraint h l=Cy y  
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In general, using matrix notation, the 

objective function (with M (nxn) p.d.) 

 
 
 

( ) ( ) '' 2 ' 'h h h h h− − = − +y p M y p y My p My p Mp  
 
 
 
must be optimized while fulfilling the 

constraint h l=Cy y  

 
 
 
The benchmarked estimates are given by 
 
 

( ) ( )11 1' 'h l

−− −= + −y p M C CM C y Cp�  
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AFD variant 

(approximate solution, assuming 0 0 0y p− = ) 
 
 

'=M D D     

1 0 0 0
1 1 0 0

0 1 1 0

0 0 0 1

 
 − 

= − 
 
 
  

D

"
"
"

# # # % #
"

 

 

 

 

PFD variant 
(approximate solution, assuming 0

0
1y

p = ) 

 
 

1 1ˆ ˆ'− −=M p D Dp     

1

2

0 0 0
0 0 0

ˆ

0 0 0 n

p
p

p

 
 
 =
 
 
 

p

"
"

# # # % #
"
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3. TEMPORAL DISAGGREGATION USING 

RELATED SERIES 

 
The standard (linear and static) approach 

 

References 

• Chow and Lin (1971, 1976) 

• Bournay e Laroque (1979) 

• Fernández (1981) 

• Litterman (1983) 

• Di Fonzo (1987, 2002b) 

• Wei and Stram (1990) 

• Chan (1993) 

• Eurostat (1999) 
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STANDARD REFERENCE (STATIC) MODEL 
 
 

'
, , ,h t h t h ty u= +x β ,  h=1,…,s t=1,…,T 

 
,h tx  (k,1)   β (k,1)   ,h tu  ⊥ ,h tx  

 
 
 
 

h h h= +y X β u  

 
 
 
 

( )' |h h h hE =u u X V  

 
 
 
 

'T= ⊗C I c  ⇒ l h=y Cy  
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BLU ESTIMATION OF hy  
 
 

Premultiply by C 
 

⇓ 
 

h h h= +Cy CX β Cu  

 
⇓ 
 

l l l= +y X β u  

 
 

l h=y Cy   l h=X CX  

 
 

( )' | 'l l h l hE = =u u X V CV C  
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Classical solution 

(Chow and Lin, 1971) 
 
 
ˆˆ ˆh h l= +y X β Lu  

 
 

( ) 1' 1 ' 1ˆ
l l l l l l

−− −=β X V X X V y  
 

GLS estimator of β in the aggregated 
(observable) model 

 

l l l= +y X β u  
 
 

1'h l
−=L V C V   ˆˆ l l l= −u y X β 

 
 
( )( )
( ) ( )( ) ( )1' 1

'ˆ ˆ

'
h h h h

n h h l l l l h l

E
−−

− − =

= − + − −

y y y y

I LC V X LX X V X X LX
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THE PROBLEM: THE CHOICE OF hV  
 
 
• How identify hV  from a ‘reasonable’ 

estimate of lV? 
 
 
• In general, hV  cannot be uniquely 

identified from the relationship 'l h=V CVC  
 
 

DGP for , |h t hu X  (Eurostat, 1999) 
 

• Chow and Lin (1971): ( ), | 1h t hu ARX ∼  
 
• Fernàndez (1981): , | Random Walkh t hu X ∼  
 
• Litterman (1983): ( ), | 1,1,0h t hu ARIMAX ∼  
 
• Wei and Stram (1990): ( ), | , ,h t hu ARIMA p d qX ∼  
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Computational simplicity of estimate, 

availability of ad hoc procedures (Ecotrim) 
 

⇓ 
 
Chow and Lin’s AR(1) variant is the most 

used (Istat, INSEE, INE, Eurostat) 

 
 

Problems 
 

• Uncorrect specification (bad quality of 

the LF regression, residuals generated 

by integrated processes) 

 
• Modelling using raw/sa related 

indicators 

 
 

The usefulness of this procedure largely 

depends on the validity of the assumed 

regression model 
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4. BENCHMARKING/DISAGGREGATING A 

SYSTEM OF TIME SERIES LINKED BY AN 

ACCOUNTING CONSTRAINT 

 
References 

• Rossi (1982) 

• Cholette (1988) 

• Taillon (1988) 

• Di Fonzo (1990) 

• Chen and Dagum (1997) 

• Eurostat (1999) 

• Di Fonzo and Marini (2003) 
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THE PRACTICAL PROBLEM 

 
 
 
• Missing data problem 

 
Estimate ,h jy ,  1, ,j M= …  

 
to be solved in an indirect estimation 

framework 

 
 

The available data 
 
 

• M temporally aggregated (say, annual) time 

series 

,l jy ,     1, ,j M= …  

 
 
• a contemporaneously aggregated high-

frequency (say, quarterly) time series 

 
z 
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The elements of a multivariate annual-quarterly 

indirect estimation/benchmarking problem 

(again!) 

 
            

Year Quarter           

T h 1,y t  01,Ty  " ,y j t  0 ,j Ty  " ,yM t  0 ,M Ty  tz  0,Tz  

 1 1,1y   " ,1y j   " ,1yM   1z   

 2 1,2y   " ,2y j   " ,2yM   2z   

 3 1,3y   " ,3y j   " ,3yM   3z   

 4 1,4y   " ,4y j   " ,4yM   4z   

1   01,1y  "  0 ,1jy  "  0 ,1My   0,1z  

 " "   "   "  "  

 1 1,4 3y T −   " ,4 3y j T −  " ,4 3yM T −  4 3Tz −   

 2 1,4 2y T −   " ,4 2y j T −  " ,4 2yM T −  4 2Tz −   

 3 1,4 1y T −   " ,4 1y j T −  " ,4 1yM T −  4 1Tz −   

 4 1,4y T   " ,4y j T   " ,4yM T   4Tz   

T   01,Ty  "  0 ,j Ty  "  0 ,M Ty   0,Tz  

 " "   "   "  "  

 1 1,4 3y N−   " ,4 3y j N −  " ,4 3yM N −    

 2 1,4 2y N−   " ,4 2y j N−  " ,4 2yM N−  4 3Nz −   

 3 1,4 1y N−   " ,4 1y j N−  " ,4 1yM N−  4 2Nz −   

 4 1,4y N   " ,4y j N   " ,4yM N   4 1Nz −   

N   01,Ny  "  0 ,j Ny  "  0 ,M Ny  4Nz  0,Nz  

 1 1, 1y n−   " , 1y j n−   " , 1yM n−   1nz −   

 2 1,y n   " ,y j n   " ,yM n   nz   
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Further(!) notation 

 

M: number of series to be disaggregated 

n: number of HF periods 

N: number of LF periods 

s: temporal aggregation order (number of 

infra-annual periods) 

 

n > sN   ⇒   constrained extrapolation 

 

 

The aggregation constraints 
 

Contemporaneous ,
1

M
h j

j=
=∑ y z  

 
Temporal , ,h j l j=Cy y   1, ,j M= …  

 
 
 

[ ]'N= ⊗C I c 0#  
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( )'
M n h⊗ =1 I y z      ( )M h l⊗ =I C y y  

⇓ 

h a=Hy y  

 
H: ( )[ ]n NM nM+ ×  aggregation matrix 
 

'
M n

M

 ⊗
=  ⊗ 

1 IH
I C

    a
l

 
=  
 

z
y

y
 

 
 

Contemporaneous aggregation of 

temporally aggregated series 
 

( ), 0,1
1 1

M s
lj T Ts T h

j h
y z z− +

= =
= =∑ ∑   1, ,T N= … , 

⇓ 

( )'
M N l⊗ =1 I y Cz  

 
 

Matrix H has not full row rank 
 
 

N aggregated observations are redundant, 

only r=n+N(M-1) ‘free’ 
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w

M

 
 =  
  

H
H

H
"  

 
 
 

'
1

1

M n n
w

M

−

−

 ⊗
=  

⊗ 

1 I IH
I C 0

    [ ]M =H 0 C#  

 
 
 

( )'
1M N−

 = − ⊗ W C 1 I#    r 
=  
 

I
R

W
 

 

⇓ 

M w=H WH   w=H RH  
 

 
 

These results will turn out useful in handling 

the disaggregation formulae 
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Two distinct situations 

 
 
• M preliminary HF time series available 

 

jp ,     1, ,j M= …  

 

1

M
j

j=
≠∑ p z  

 

and/or jp  doesn’t comply with ljy  

 
 
 

• use of a set of HF related indicators jX  to 

obtain indirect estimates 

 
 
Distinction not necessarily as strict as it seems: 

preliminary HF series could have been individually 

obtained using related indicators 
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Benchmarking (two steps) 
 
 
1. proportional adjustment (Eurostat, 

1999) 
 
 
2. raking (iterative proportional fitting, 

Laniel and Fyfe, 1990) 
 
 
3. Denton’s multivariate benchmarking 

(movement preservation principle) 
 

( ) ( )min '
h

h h− −
y

y p M y p  

subject to h a=Hy y  
 
⇓ 
 

 

( ) ( )1 1' 'h a
−− −= + −y p M H HM H y Hp�  

 

( )1 '
−−HM H : MP generalized inverse 
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Multivariate Denton’s benchmarking: 

formulae not involving inversion of 

singular matrices 

 
 
 

( ) ( ) ( )1 11 1' ' ' 'w

− − −− −=HM H R R R M R R R  
 

1 '
w w w

−=M H M H  
 
⇓ 
 
 

( )1 ' 1
h w w w w

− −= + −y p M H M y H p�  
 

w w=y H y  
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Multivariate Denton’s benchmarking: 

the choice of M 
 
 
 

( )'M ⊗I D D  Denton additive first difference 
 

( )' 'M ⊗I D D DD  Denton additive second difference
 

( )1 1'M
− −⊗P I D D P  

Denton proportional first 
difference 
 

( )1 1' 'M
− −⊗P I D D DD P

 

Denton proportional second 
difference 
 

( ) 1
n

−⊗S I  
Rossi (1982) multivariate 
adjustment 

 
 
 
D: ( )n n×  matrix performing first differences 
 

1 0 0 0 0
1 1 0 0 0

0 0 0 1 1

 
 − =
 
 − 

D

"
"

# # # % # #
"
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The BLUE approach (single step) 

 
,h j j j j= +y X β u   1, ,j M= …  

 
 

( )jE =u 0  ( )'
i j ijE =u u V  , 1, ,i j M= …  

 

jX : ( )jn K×  matrices of related series 

 
,1 1 1 1

,2 2 2 2

,

h

h

h M M M M

       
       
       = +
       
       

      

y X 0 0 β u
y 0 X 0 β u

y 0 0 X β u

"
"

# # # % # # #
"

 

 

h = +y Xβ u  ( )E =u 0 ( ) { }' ijE = =uu V V  

 
 

Observed, aggregated regression model 
 

a a a= +y X β u  
 

a =X HX     a =u Hu 
 

( )' 'a a aE = =u u V HVH  singular 
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The solution (Di Fonzo, 1990) 

 
 
 
Multivariate extension of the optimal univariate 

approach (Chow and Lin, 1971) 

 

( )ˆ ˆˆ a a= + −y Xβ L y X β  

 

( ) 1' 'ˆ
a a a a a a

−− −=β X V X X V y  

 
 
 

' a
−=L VH V  

 
 

( )( )[ ] ( )

( )( ) ( )
1'

'ˆ ˆ

'

n

a a a a a

E
−−

− − = − +

− −

y y y y I LH V

X LX X V X X LX
 

 
 
 
NB: Disaggregation formulae involving MP 

generalized inverse 
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The BLUE in terms of r ‘free’ observations 

 
 

( )ˆ ˆˆ w w w= + −y Xβ L y X β  

 
 

( ) 1' 1 ' 1ˆ
w w w w w w

−− −=β X V X X V y  

 
 

' 1
w w w

−=L VH V  
 
 
 
NB: The results are invariant with respect to 

the choice of a particular sub-vector of ay , 

provided it has dimension (Nx1) (Chen and 

Dagum, 1997, express a different view) 
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Extrapolation 

 
n > MN 

The relevant temporally aggregated values 

are not yet available 

 

Estimate ' ' '
1 'e e ej eM =  y y y y" "  

 

Constrained extrapolation 

ez    e e e=H y z    '
e M R= ⊗H 1 I  

 
( )* *ˆ ˆˆ* * * * *a a= + −y X β L y X β  

( ) ( ) ( ) ( )
1

* * * * * *ˆ* ' 'a a a a a a

−− − =   
β X V X X V y  

 
 
 

Pure extrapolation: ez  not available 

( )ˆ ˆˆ 'e e a a a
−= +Ω −y X β H V y X β  
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SOME OPERATIONAL OBSERVATIONS 
(Moauro and Savio, 2001) 

 
 

Though the behaviour of NSIs could sometimes 
appear conservative enough in the introduction of 
new techniques, (…) their introduction in a routine 
process (such as that of the estimation of quarterly 
national accounts) requires that at least the following 
requirements are fulfilled: 
 
1) the techniques should be flexible enough to allow 

for a variety of time series to be treated easily, 
rapidly and without too much intervention by the 
producer; 

 

2) they should be accepted by the international 
specialized community; 

 

3) the techniques should give reliable and meaningful 
results; 

 

4) the statistical procedures involved should be run in 
an accessible and well known, possibly user 
friendly, and well sounded software program, 
interfacing with other relevant instruments 
typically used by data producers (i.e. seasonal 
adjustment, forecasting, identification of 
regression models,…). 
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